Symmetry energy and neutron star properties in the saturated Nambu–Jona-Lasinio model  by Wei, Si-Na et al.
Physics Letters B 763 (2016) 145–150Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Symmetry energy and neutron star properties in the saturated 
Nambu–Jona-Lasinio model
Si-Na Wei, Wei-Zhou Jiang ∗, Rong-Yao Yang, Dong-Rui Zhang
Department of Physics, Southeast University, Nanjing 211189, China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 25 May 2016
Received in revised form 9 October 2016
Accepted 10 October 2016
Available online 17 October 2016
Editor: W. Haxton
Keywords:
Symmetry energy
Neutron stars
NJL model
In this work, we adopt the Nambu–Jona-Lasinio (NJL) model that ensures the nuclear matter saturation 
properties to study the density dependence of the symmetry energy. With the interactions constrained by 
the chiral symmetry, the symmetry energy shows novel characters different from those in conventional 
mean-ﬁeld models. First, the negative symmetry energy at high densities that is absent in relativistic 
mean-ﬁeld (RMF) models can be obtained in the RMF approximation by introducing a chiral isovector–
vector interaction, although it would be ruled out by the neutron star (NS) stability. Second, with the 
inclusion of the isovector–scalar interaction the symmetry energy exhibits a general softening at high 
densities even for the large slope parameter of the symmetry energy. The NS properties obtained in the 
present NJL model can be in accord with the observations. The NS maximum mass obtained with various 
isovector–scalar couplings and momentum cutoffs is well above the 2M, and the NS radius obtained 
well meets the limits extracted from recent measurements. In particular, the signiﬁcant reduction of the 
canonical NS radius occurs with the moderate decrease of the slope of the symmetry energy.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The nuclear symmetry energy is important for understanding 
the reaction dynamics of heavy-ion collisions, the structures of 
neutron- and proton-rich nuclei, and properties of neutron stars 
(NS) [1–3]. Though the symmetry energy, which is the energy dif-
ference per nucleon between pure neutron matter and symmetric 
matter, is well constrained at saturation density to date [4–8], 
the density dependence of the symmetry energy is still poorly 
known especially at supra-normal densities [2,9]. The symmetry 
energy predicted by different models is rather diverse at high den-
sities [10–17]. Unfortunately, the symmetry energy extracted from 
the data with various isospin diffusion models also suffers from 
the large uncertainty which diversiﬁes in super-soft [18], soft [19], 
and stiff [20] forms at high densities. We note that new experi-
ments to probe the high-density symmetry energy are also on the 
way [21]. While different high-density behaviors of the symmetry 
energy are usually classiﬁed by the magnitude of the slope of the 
symmetry energy at saturation density, we may raise the question: 
Are there new high-density behaviors of the symmetry energy that 
can’t be simply elaborated by the slope parameter?
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SCOAP3.On the other hand, the super-soft symmetry energy which 
reaches the maximum and then turns to negative values at high 
densities can be obtained from some non-relativistic models [12,
13], while it can not be produced in the relativistic mean ﬁeld 
(RMF) models [14–17]. For instance, the nonlinear RMF mod-
els [15], the density-dependent RMF models [16,22], and the point 
coupling RMF models [23–25] predict similar tendencies of sym-
metry energy, and no super-soft symmetry energy arises in these 
models [17]. Since the success of RMF models in interpreting the 
pseudospin symmetry [26–28] and analyzing polarization observ-
ables in proton–nuclei reactions [29,30] indicates that the relativis-
tic dynamics that includes the large attractive scalar and repulsive 
vector [31–35] is of special importance, we may ask whether the 
super-soft symmetry energy is incompatible with the relativistic 
covariance, or it is hidden in some special interactions that are not 
included in usual RMF models.
To answer these questions, let’s ﬁrst recall the prime impor-
tance of the chiral symmetry in the strong interaction. In fact, 
the chiral symmetry has served as a cornerstone to construct the 
effective QCD models of the strong interaction [36,37]. In the de-
velopment of RMF models, the chiral symmetry has also played 
an important role in guiding the nonlinear form of the meson 
self-interacting terms needed for the appropriate in-medium ef-
fects [38–42]. To explore the novel high-density behaviors of the le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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adopt chiral models and thus constrain the relevant interactions 
with the chiral symmetry. Among models respecting the chiral 
symmetry in bulk matter [38,41,43–45], the Nambu–Jona-Lasinio 
(NJL) model [43] and chiral-σ model [38,41] are two popular ones. 
The NJL model was originally proposed to realize the spontaneous 
symmetry breaking since the pion, as the Goldstone boson, can be 
derived dynamically. With the quark degrees of freedom, the NJL 
model is considered as an effective model for the QCD [46–48]. 
While it is not straightforward to construct the nucleons and de-
scribe nuclear matter due to the absence of the conﬁnement in 
the NJL model [49], it is economic to realize in the NJL model the 
spontaneous breaking of the chiral symmetry with nucleonic de-
grees of freedom [50–53], like the chiral-σ model. In the hadron-
level NJL model, the character of chiral symmetry is also measured 
by the chiral condensate in the non-perturbative vacuum. In this 
work, we thus study in the hadron-level NJL model the density 
dependence of the symmetry energy with the various interactions 
respecting the chiral symmetry.
Recently, remarkable progresses in NS observations have been 
achieved. Accurate mass measurements determined two large-
mass NS’s: the radio pulsar J1614-2230 with mass of M = 1.97 ±
0.04M [54] and the J0348+0432 with mass of M = 2.01 ±
0.04M [55]. However, there is no consensus on the extracted NS 
radius [56] reported in the literature [57–63], due to the systematic 
uncertainties involved in the distance measurements and theoret-
ical analyses of the light spectrum [64–67]. In this work, we will 
then investigate whether the parametrizations of the present sat-
urated NJL model can satisfy the NS mass constraint and provide 
some useful comparisons with various NS radius constraints. In the 
following, we will in turn present the formalism, analyze the re-
sults, and give the summary.
2. Formalism
The original NJL model that only contains scalar, pseudoscalar, 
vector and axial vector interactions can not reproduce saturation 
properties of nuclear matter. In order to obtain the saturation 
property, the scalar–vector (SV) interaction, which also respects 
the chiral symmetry, was introduced [50,51]. This is similar to the 
chiral-σ model, where the saturation is fulﬁlled by introducing the 
scalar–vector coupling [41,68]. Similar efforts were also made to 
study the nuclear matter saturation and the phase diagram in the 
NJL model [52,53]. The Lagrangian of the saturated NJL model can 
then be written as [51]:
L0 = ψ¯(iγμ∂μ −m0)ψ + GS
2
[(ψ¯ψ)2 − (ψ¯γ5τψ)2]
− GV
2
[(ψ¯γμψ)2 + (ψ¯γμγ5ψ)2]
+ GSV
2
[(ψ¯ψ)2 − (ψ¯γ5τψ)2] · [(ψ¯γμψ)2
+ (ψ¯γμγ5ψ)2], (1)
where m0 is the bare nucleon mass. GS , GV and GSV are the scalar, 
vector and scalar–vector coupling constants, respectively. It is easy 
to see that the Lagrangian is chiral symmetric when m0 = 0. In or-
der to investigate the density dependence of the symmetry energy, 
we introduce the isovector, isovector–vector and isovector–scalar 
interactions in the Lagrangian which are written as:
LI V = Gρ
2
[(ψ¯γμτψ)2 + (ψ¯γμγ5τψ)2]
+ GρV [(ψ¯γμτψ)2 + (ψ¯γμγ5τψ)2]
2· [(ψ¯γμψ)2 + (ψ¯γμγ5ψ)2]
+ Gρ S
2
[(ψ¯γμτψ)2 + (ψ¯γμγ5τψ)2]
· [(ψ¯ψ)2 − (ψ¯γ5τψ)2], (2)
where Gρ , GρV and Gρ S are the isovector, isovector–vector and 
isovector–scalar coupling constants, respectively. LI V is also chi-
rally symmetric. Using the mean-ﬁeld approximation,
(ψ¯ Aψ)(ψ¯Bψ) = (ψ¯ Aψ) < ψ¯Bψ > + < ψ¯ Aψ > (ψ¯Bψ)
− < ψ¯ Aψ >< ψ¯Bψ >, (3)
the Lagrangian can be simpliﬁed to be
L= L0 +LI V = ψ¯[iγμ∂μ −m(ρ,ρS) − γ 0(ρ,ρS ,ρ3)]ψ
− U (ρ,ρS ,ρ3), (4)
where m,  and U are deﬁned as
m(ρ,ρS) =m0 − (GS + GSV ρ2 + Gρ Sρ23 )ρS , (5)
(ρ,ρS ,ρ3) = GV ρ + Gρρ3τ3 − GSV ρ2Sρ − GρV ρ23ρ
− GρV ρ3ρ2τ3 − Gρ Sρ3ρ2Sτ3, (6)
U (ρ,ρS ,ρ3) = 1
2
(GSρ
2
S − GV ρ2 − Gρρ23 + 3GSV ρ2Sρ2
+ 3GρV ρ23ρ2 + 3Gρ Sρ23ρ2S ). (7)
Eq. (5) is the gap equation for the nucleon effective mass in the 
NJL model. Here ρ =< ψ¯γ 0ψ >, ρ3 =< ψ¯γ 0τ3ψ > and ρS =
< ψ¯ψ > are vector, isovector and scalar densities, respectively. 
From the energy–momentum tensor, we may obtain the following 
energy density and pressure
	 = −
∑
i=p,n
νi
∫
pFi
d3p
(2π)3
(p2 +m2)1/2 + GV ρ
2
2
+ Gρρ
2
3
2
+ GSρ
2
S
2
+ GSV ρ
2ρ2S
2
− GρV ρ3
2ρ2
2
+ Gρ Sρ3
2ρ2S
2
+ 	0, (8)
P = −
∑
i=p,n
νi
3
∫
pFi
d3k
(2π)3
k2√
k2 +m2 +
GV ρ2
2
+ Gρρ
2
3
2
− GSρ
2
S
2
− 3GSV ρ
2
Sρ
2
2
(9)
−3GρV ρ
2
3ρ
2
2
− 3Gρ Sρ3
2ρ2S
2
− 2
3
√
2 +m2
3π2
− 	0, (10)
where  is the momentum cutoff, and the 	0 is introduced to give 
the vanishing energy density of the vacuum state. From the energy 
density, we can derive the symmetry energy as
Esym(ρ) = 1
2
∂2(	/ρ)
∂δ2
∣∣∣∣
δ=0
= p
2
F
6EF
+ 1
2
Gρρ − 1
2
GρV ρ
3 − 1
2
Gρ Sρ
2
Sρ, (11)
where δ = (ρn − ρp)/ρ is the isospin asymmetry parameter and 
E F =
√
p2F +m2. The symmetry energy has a term linear in ρ3
due to the isovector–vector interaction. The slope of the symmetry 
energy at saturation density is deﬁned as
L = 3ρ0 ∂Esym
∂ρ
∣∣∣∣
ρ0
. (12)
S.-N. Wei et al. / Physics Letters B 763 (2016) 145–150 147Fig. 1. The symmetry energy for different GρV as a function of density. Here, Gρ S is 
set to be zero. The symmetry energy with the RMF model NL3 is also depicted for 
comparison. (Color online.)
3. Results and discussions
The present model has eight parameters: , m0, GS , GV , GSV , 
Gρ , GρV , and Gρ S . It was pointed out in Ref. [51] that  > 0.6 GeV
should be excluded, because otherwise the bare nucleon mass m0
would be smaller than 3m0q , where m0q = (5 ± 1) MeV [69] is the 
isospin-averaged current mass of light quarks. Indeed, the cutoff 
larger than 600 MeV (with m0 < 3m0q) declines a monotonous de-
crease of the nucleon mass with the increase of density [51], thus 
disfavoring the characterization of the in-medium chiral symme-
try restoration. Here, the link between the bare nucleon mass and 
the current quark mass can be understood upon the constituent 
quark picture where the current quarks are released out after 
the chiral symmetry is restored. Following Ref. [51], we choose 
 = 400 MeV unless otherwise indicated. Note that the cutoff 
regularization can lead to an unphysical chiral condensate (also 
the scalar density ρS ) above the critical density corresponding to 
pF > . To avoid the unphysical chiral condensate at pF > , one 
may either include a smooth cutoff function [70], or set the rel-
evant coupling constants GS , GSV and Gρ S to be zero [71]. In so 
doing, the nucleon effective mass will not fall below the bare mass 
m0 at P F > , while we note these treatments do not have signif-
icant effects on the asymmetric matter EOS because the nonzero 
scalar density of this model remains nearly vanishing at high den-
sities. Using Eq. (5) and m2π f
2
π =m0ρvacS , we obtain m0 = 41.3 MeV
and GS = 1.669 GeV fm3. This small bare nucleon mass interprets 
the consistency with the understanding that the mass acquisi-
tion arises dominantly from the non-perturbative vacuum. We note 
that a different parametrization with very large bare mass was
considered in a similar model [72]. The saturation requirement, 
(	/ρ)ρ=ρ0 −mN = −16 MeV with ρ0 = 0.16 fm−3 and mN being 
the nucleon mass in the free space, gives GV = 1.581 GeV fm3 and 
GSV = 2.054 GeV fm9. The coupling constants GρV and Gρ S are 
taken as adjustable parameters to simulate different nuclear sym-
metry energies. For vanishing GρV and Gρ S , we obtain Gρ to be 
0.193 GeV fm3 by ﬁtting the symmetry energy at saturation den-
sity to be 31.6 MeV [4].
Fig. 1 shows the symmetry energy for different GρV . For com-
parison, we also depict the symmetry energy with the nonlinear 
RMF model NL3 [73]. We can see that the symmetry energy with-
out the isovector–vector interaction is softer than that with the 
NL3, while both evolve similarly with the density. By adjusting the 
parameter GρV , we can simulate various density proﬁles of the 
symmetry energy that were reported in the model predictions [13,
14] and data extractions [18,20,19]. Since the isovector–vector in-teraction contributes the symmetry energy a term that is cubic in 
density, as seen in Eq. (11), the modiﬁcation to the symmetry en-
ergy is decisive at high densities. The symmetry energy rises stiﬄy 
for negative GρV , while, for positive GρV , it becomes super-soft 
and goes below zero at high densities.
Similar to the variation of the symmetry energy, the ratio of 
protons to neutrons turns out to be very sensitive to the isovector–
vector couplings. This similarity lies in the fact that the difference 
between the proton and neutron chemical potentials, associated 
with the proton fraction, is linear in the symmetry energy. For 
negative GρV , the proton fraction increases with the increase of 
density, while for positive GρV it ﬁrst increases up to a maximum 
and then reduces with the increase of density. Corresponding to 
the super-soft symmetry energy with GρV = 0.1GSV and 0.15GSV , 
the proton fraction tends to disappear at high densities, which 
means that in the NS interior pure neutron matter arises [74,75]. 
For the vanishing proton fraction, the ρ2ρ23 term becomes propor-
tional to ρ4. This results in the dramatic reduction of the pressure 
at high densities. The isovector–scalar interaction with the ap-
propriate sign of Gρ S may produce some cancellation against the 
dramatic decrease of the pressure caused by the isovector–vector 
interaction. Such a cancellation is, however, negligible because of 
the vanishing ρS at high densities. As a result, the EOS with the 
super-soft symmetry energy in the NJL model can not stabilize 
the NS. The similar NS stability problem was also found using the 
non-relativistic models with the MDI interactions [76]. While the 
over-reduced pressure was compensated by invoking the weakly 
interacting light U-boson [76], such a compensation would actually 
not help much in the present case because the isovector–vector in-
teraction reduces the pressure in a form linear in ρ4. Therefore, the 
super-soft symmetry energy should eventually be excluded in the 
NJL model. We have noticed that the negative symmetry energies 
are disfavored by the stability arguments that belongs indeed to 
the positivity conditions on the second derivatives of the total en-
ergy and can be expressed in terms of Landau parameters [77–79]. 
We would, however, say that the present conclusion does not have 
to be universal to other approaches that account for high-order 
residual interactions. For instance, in the presence of the super-
soft symmetry energy, the pressure of neutron star matter may 
increase with the density in a non-relativistic microscopic calcula-
tion with the variational method [74].
To further check the density dependence of the symmetry 
energy, we calculate the slope parameter of the symmetry en-
ergy at saturation density. In the following calculation, we ne-
glect the isovector–vector interaction due to the exclusion of the 
super-soft symmetry energy. Currently, the different extraction 
of the slope of the symmetry energy gives an average around 
L ∼ 40–60 MeV [4–8]. With  = 400 MeV, L is 93.6 MeV. To 
reduce the slope parameter, we can not simply adjust the cut-
off or the coupling constant Gρ . A feasible way is to invoke the 
isovector–scalar interaction. Shown in the upper panel of Fig. 2
is the symmetry energy with various isovector–scalar couplings. 
Here, the symmetry energy at saturation density is ﬁxed to be 
31.6 MeV by adjusting the parameter Gρ for various Gρ S , and 
Gρ is 0.006, 0.100, 0.286 and 0.379 GeV fm
3 for Gρ S/GSV =
−0.70, −0.35, 0.35, and 0.70, respectively. We see that the slope 
parameter can be reduced signiﬁcantly by decreasing the Gρ S . 
With Gρ S = −0.7GSV , the slope parameter is 48.9 MeV, being well 
within the average domain of extracted values. Note that the in-
compressibility is a constant (κ = 296 MeV) in this case and at 
densities 1.2–2.2ρ0 the parametrization with  = 400 MeV sat-
isﬁes the constraints of the symmetric matter pressure from the 
KaoS experiments [80]. A consequence of the parabolic approx-
imation of the nuclear EOS is that pure neutron matter can be 
well speciﬁed by the density dependence of the symmetry en-
148 S.-N. Wei et al. / Physics Letters B 763 (2016) 145–150Fig. 2. The symmetry energy with various isovector–scalar couplings at  =
400 MeV (upper panel) and various cutoffs at Gρ S = −0.35GSV (lower panel). Here, 
GSV is different for various , see Table 1. (Color online.)
ergy and symmetric matter EOS that are both well constrained. 
Indeed, we ﬁnd that the pressure of pure neutron matter with 
the parametrization of  = 400 MeV and Gρ S = −0.7GSV can sat-
isfy the constraints from microscopic calculations based on chiral 
nucleon–nucleon and three-nucleon interactions [81].
While we use the momentum cutoff  = 400 MeV in above, 
it is now signiﬁcant to examine how the results change with the 
cutoff. In the lower panel of Fig. 2, we display the symmetry en-
ergy with various cutoffs at Gρ S = −0.35GSV . For different cutoffs, 
the parameter sets that maintain the saturation at ρ0 = 0.16 fm−3
are tabulated in Table 1. As seen from the lower panel of Fig. 2, 
the symmetry energy with different cutoffs may be close at high 
densities. The reason for this to occur is that the Gρ , determined 
by the symmetry energy at saturation density, is close for different 
cutoffs, see Table 1. At high densities, the term of Gρ dominates 
the symmetry energy (see Eq. (11)), since the nucleon mass and 
scalar density are small for the restoration of chiral symmetry. It 
is interesting to see that the soft symmetry energy (at high den-
sities) is not above the stiff one at lower densities, different from 
those in the literature, e.g., see Ref. [13,16]. We may attribute this 
to the behavior of the effective nucleon mass in the NJL model: 
there is a critical point because of the disappearance of the ρS at 
pF = . With the increase of the cutoff, the critical density rises, 
and the similar tendency of the symmetry energy below and above 
saturation density still exists but fades away, while for the ﬁxed 
cutoff the consistent softening of the symmetry energy at lower Fig. 3. The same as in Fig. 2 but for NS mass–radius trajectories. (Color online.)
and high densities does not appear for various Gρ S , as shown in 
the upper panel of Fig. 2. Nevertheless, a general softening of the 
symmetry energy at high densities are observed for various cases 
in both panels of Fig. 2 because of the turning point concerning 
the restoration of the chiral symmetry. This is rather remarkable 
because the case of the large slope parameter of the symmetry en-
ergy usually indicates the stiff symmetry energy.
Now, we turn to the NS properties with the EOS obtained in 
the NJL model. The NS mass–radius relation can be obtained by 
solving the standard Tolman–Oppenheimer–Volkoff (TOV) equa-
tion [82,83]. Here, we consider the simple compositions for NS 
matter: neutrons, protons, electrons and muons. We adopt the 
EOS’s obtained in this work at densities above half the saturation 
density, while we employ the standard low-density EOS [84,85]
since at lower densities NS matter transitions to inhomogeneous 
phase. Shown in Fig. 3 are the NS mass–radius relations with the 
cases same as in Fig. 2. As seen in the upper panel of Fig. 3, the 
NS maximum mass does not change much by the isovector–scalar 
coupling, since the latter does not have signiﬁcant effects on the 
high-density EOS that dominates the NS maximum mass. While 
the NS radius is primarily determined by the slope of the symme-
try energy in the density range of 1 to 2ρ0 [86,87], the different 
L, shown in the upper panel of Fig. 2, can account for the large 
extent of different NS radii. The radius of a canonical NS with-
out the isovector–scalar coupling is about 13.7 km, locating at a 
reasonable position among various predictions [16,86,88] and ex-
tractions from recent observations [58–63] ranging roughly from 
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Parameter sets for various cutoffs with Gρ S = −0.35GSV . ρc , evaluated by the relation pF = , is the critical density for chiral symmetry restoration. Listed in the last 
column is the incompressibility. Here, Gρ and GV are in unit of GeV fm
3, and GSV and Gρ S are in unit of GeV fm
9.
 (MeV) ρc/ρ0 GS m0 (MeV) GSV GV Gρ Gρ S κ (MeV)
320 1.81 3.067 79.2 4.553 2.736 0.0848 −1.594 318
350 2.37 2.409 60.9 3.482 2.173 0.1095 −1.219 262
400 3.53 1.669 41.3 2.054 1.581 0.0996 −0.719 296
500 6.90 0.896 21.7 0.879 1.156 0.0058 −0.314 315
Table 2
Some speciﬁc NS properties with cases in Fig. 3. Mc is the NS mass by taking ρc as its central density ρcen . The radius R is in unit of km.
 (MeV) Gρ S (ρc/ρ0,Mc/M, R) (ρcen/ρ0,Mmax/M, R) R (1.4M)
320 −0.35GSV (1.81, 2.16, 15.4) (3.38, 3.15, 14.5) 14.9
350 −0.35GSV (2.37, 2.19, 14.3) (4.18, 2.83, 13.2) 14.2
400 0.7GSV (3.53, 2.18, 13.2) (5.46, 2.43, 11.9) 14.8
0.35GSV (3.53, 2.18, 13.0) (5.46, 2.43, 11.8) 14.2
0 (3.53, 2.16, 12.9) (5.48, 2.44, 11.7) 13.7
−0.35GSV (3.53, 2.15, 12.8) (5.52, 2.44, 11.7) 13.3
−0.7GSV (3.53, 2.13, 12.6) (5.57, 2.43, 11.6) 13.0
500 −0.35GSV (6.90, unstable) (6.06, 2.17, 11.3) 12.610 to 15 km. With decreasing the isovector–scalar coupling, the 
NS radius reduces accordingly. For instance, with Gρ S = −0.7GSV , 
the radius of the 1.4M NS is decreased to be 13.0 km.
Shown in the lower panel of Fig. 3 are the mass–radius relations 
for various cutoffs at Gρ S = −0.35GSV . All cases satisfy the maxi-
mum mass constraint [54,55]. We see that the NS maximum mass 
is signiﬁcantly larger for smaller cutoffs due to the stiffening of the 
high-density EOS. Since the scalar density that determines the nu-
cleon effective mass almost vanishes beyond the critical density for 
chiral symmetry restoration, the vector term, denoted by the cou-
pling GV , then dictates the stiffness of the EOS at high densities. 
While GV is larger for smaller cutoffs, see Table 1, the EOS beyond 
the critical density becomes stiffer with the decrease of the cut-
off, resulting in larger NS maximum mass. Corresponding to Fig. 3, 
we tabulate some speciﬁc NS properties in Table 2: the maximum 
mass, corresponding radius and central density, and the radius of 
a 1.4M star. As a comparison, we also tabulate the results with 
the central density being the chiral symmetry restoration den-
sity ρc . We can ﬁnd that the asymmetric matter EOS beyond ρc
can have a signiﬁcant contribution, resulting dominantly from the 
vector term, to the NS maximum mass, especially for small cut-
offs. Note that such a contribution is almost independent of the 
situation whether or not we have removed the unphysical chiral 
condensate beyond ρc using the methods in Refs. [70,71]. It is 
worthy to point out that the pressure of symmetric matter with 
 = 500 MeV can well satisfy the constraints from collective ﬂow 
data in heavy-ion collisions [89], and the pressure with small cut-
offs may surpass the constraints. The pressure of symmetric matter 
with  = 400 MeV surpasses the ﬂow data constraints beyond 
3ρ0, but is not far above the upper limit. While the pressure of 
pure neutron matter with various symmetry energies is within or 
close to the region allowed by the ﬂow data especially at high 
densities, the predicted NS maximum mass with  = 400 MeV is 
rather acceptable. The parametrizations with  = 350–400 MeV
can well ﬁt the constraints from the microscopic calculations for 
pure neutron matter [81], while the parametrization with smaller 
cutoffs, e.g., 350 MeV, may easily surpass the ﬂow data constraints 
and produce a large NS maximum mass. Similar to the case in the 
upper panel of Fig. 3, the NS radii with various cutoffs are associ-
ated with the slope parameter L. Here, the L is 116.9, 88.3, 71.2, 
and 63.3 MeV with the cutoff 320, 350, 400 and 500 MeV, respec-
tively. This is roughly corresponding to different NS radii, as shown 
in the lower panel of Fig. 3. We should, however, note that differ-
ent cutoffs can result in the difference in properties of symmetric matter that also contributes to the large separation in NS radii. 
For instance, rather different incompressibility at saturation den-
sity arises for various cutoffs, as seen in Table 1. Our investigation 
indicates that a combination of favorably large cutoffs and (neg-
ative) isovector–scalar couplings in the saturated NJL model can 
result in relatively small NS radii which are consistent with those 
extracted from recent measurements [58–63]. We may reasonably 
require the positive Gρ for any Gρ S to ﬁt the symmetry energy 
at saturation density. Within the cutoff range of 320–500 MeV for 
non-positive Gρ S , the radius region of the 1.4M NS is obtained
to be around 12.6–14.9 km, see Table 2.
4. Summary
In this work, we adopt the saturated NJL model that respects 
the chiral symmetry to study the density dependence of the sym-
metry energy and its consequence in NS’s. While the super-soft 
symmetry energy can not be produced by the usual RMF models, 
we ﬁnd that a chiral isovector–vector interaction can be responsi-
ble for the super-soft symmetry energy, though the latter should 
eventually be ruled out by the NS stability. With the inclusion of 
the isovector–scalar interaction, a general softening of the sym-
metry energy at high densities is found even for the large slope 
parameter of the symmetry energy at saturation density because 
of the restoration of chiral symmetry. We have also examined the 
dependence of the symmetry energy on the momentum cutoff of 
the NJL model. The rise of the cutoff in a reasonable region re-
duces the slope of the symmetry energy at saturation density. For 
smaller cutoffs, the symmetry energy in the NJL model may display 
consistent stiffness or softness on the both sides of the satura-
tion density. Finally, using the NJL EOS’s, we have investigated the 
NS mass–radius relations. The NS maximum mass obtained with 
various isovector–scalar couplings and momentum cutoffs is well 
above the 2M . A relatively small NS radius can be obtained with 
a suitable combination of reasonable cutoffs and isovector–scalar 
couplings, and, in general, the calculated NS radii are well within 
the limits extracted from recent measurements.
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